We derive a universality result for the fermionic contribution to the one loop vacuum polarisation in Lattice QCD. This leads in turn to a universality result for the fermionic contribution to the leading term in the weak coupling expansion of the Lattice QCD β-function. A general formula for the fermionic contribution to the ratio of lattice and continuum Λ-parameters is also obtained.
Introduction
The vacuum polarisation (i.e. gluon self-energy) is a central quantity in QCD. It determines the renormalisation factor for the gluon fields, which enters, e.g., into the calculation of the β-function [1, 2] . The vacuum polarisation at one loop is the sum of the truncated gluonic 2-point functions with internal fermion loop, gluon loop, and ghost loop. In Lattice QCD there are various ways to formulate the lattice fermion and gluon actions, and a natural question is: how does the vacuum polarisation depend on the choice of lattice formulation? In this paper we address this question for the fermionic contribution at one loop. (Additional technical complications arise for the gluon and ghost loops and we postpone these cases for future work.)
In the BPHZ approach to renormalisation one starts with the renormalised action and then adds appropriate counterterms to make the renormalisation conditions satisfied at a given order in the loop expansion [3] . Let us consider the Lattice QCD vacuum polarisation at one loop arising from the renormalised action before the counterterms are included. In the specific cases where the fermionic contribution has been evaluated previously, the contribution from each quark species has always been found to have the form Π f µν (p, M) = N t g 2 (p 2 δ µν − p µ p ν ) δ ab In (1.1) N t denotes the number of "tastes" of the lattice fermion formulation, i.e. N t = 1 + #doubler modes. In all previous specific cases, namely Wilson fermions 2 In the literature Π f µν (p, M ) is often considered for the full (i.e. bare) action rather than the renormalised one; in this case it is given by (1.1) with g and M replaced by the bare quantities g 0 and M 0 . 2 (N t = 1) [4, 5, 6] , naive fermions (N t = 16) and staggered fermions (N t = 4) [7] , and overlap fermions (N t = 1) [8, 9] the constant c 1 in (1.1) was found to have the value
while c 2 is different for the different lattice formulations. In fact it is essential that c 1 has the value (1.3) in order for the Lattice QCD β-function to coincide with the original β-function calculated via dimensional regularisation in the continuum in the weak coupling limit, since c 1 determines the fermionic contribution to the leading term in the weak coupling expansion of the Lattice QCD β-function (the argument for this is given in the next section). Our primary goal in this paper is to show that (1.1) with c 1 given by (1. 3) is a universal expression for the fermionic contribution to the one loop vacuum polarisation, i.e. holds for any lattice formulation satisfying a few reasonable general conditions. It then follows that the fermionic contribution to β 0 is universal. Moreover, we will obtain a general formula for the constant c 2 in (1.1). This constant determines the fermionic contribution to the ratio of the lattice and continuum QCD Λ-parameters in a certain renormalisation scheme, as discussed in the next section.
The lattice QCD Λ-parameter (which sets the lattice scale at which the bare coupling becomes weak) and its relation to the continuum Λ-parameter (which sets the momentum scale at which the QCD effective coupling becomes weak) was much studied in the early days of lattice gauge theory, around the beginning of the 1980's.
The ratio of these parameters was first calculated in pure gauge theory in Ref.'s [10, 11] (preceded by a calculation in the 2D non-linear sigma model [12] ), and subsequently with the inclusion of lattice Wilson fermions [4, 5, 6] and staggered fermions [7] .
More recently, the ratio was calculated with overlap fermions in Ref. [8] . The lattice Λ-parameter itself is related to the physical lattice spacing and bare coupling at small values of the latter as follows (see, e.g., Ref. [13] ): a = 1 Λ l (−β 0 g 2 0 ) β 1 /2β 2 0 e −1/2(−β 0 )g 2 0 (1 + O(g 2 0 )) (1.4) with −β 0 and −β 1 being the coefficients of the leading terms in the weak coupling expansion of a ∂g 0 ∂a (cf. (2.9) below). Consequently, the proportionality constant between Λ l and a physical quantity with units of mass (e.g., a hadron mass, or the square root of the string tension K) is in principle calculable via Monte Carlo simulations.
Such a calculation was reported in Ref. [14] where the proportionality constant in Λ l ∼ √ K was determined. This enables a determination of Λ l itself, and the continuum Λ-parameter Λ c can then be determined from the calculation of the ratio Λ c /Λ l .
At the time that these developments took place, realistic Lattice QCD simulations with dynamical fermions were not possible -they had to be done in the quenched approximation. Therefore, the calculations of Λ l , and hence Λ c , were themselves unrealistic. Recently the situation has changed quite dramatically though: unquenched simulations are becoming feasible, and are already being carried out using dynamical staggered fermions [15] . This is partly due to increases in computer power, and partly to the fact that lattice formulations of quark and gluon actions have become much more sophisticated: Improved versions of the basic formulations are being used in order to get closer to the continuum limit, work with lighter quark masses, etc. 3
Developments regarding chiral symmetry on the lattice (see, e.g., Ref. [19] for a review) have also led to the construction of more complicated fermion formulations with exact or approximate chiral symmetry of Ginsparg-Wilson type [20, 21] . 4 In light of this, it is an appropriate time to revisit the topic of the lattice Λ-parameter, in order to derive general formulae and universality results which cover the plethora of lattice formulations currently in use. This forms part the motivation for the work in this paper. The other motivation is to make steps toward proving a long-overdue result: universality of the β-function (and other renormalisatation group functions) in Lattice QCD.
3 Improved versions of Wilson fermions [16] includes the FLIC formulation [17] , involving the "clover term" [18] , while staggered fermions [7, 24] have been improved via the inclusion of staples etc. in the "Asqtad" formulation, which is currently used in unquenched simulations [15] . 4 Besides the standard overlap fermions [22] this includes overlap fermions with hypercubic operator kernel [23] , and other formulations arising either from lattice RG blocking methods (fixed point actions -see [25] and ref.'s therein for background and [26] for recent developments) or a more direct approach [27] .
Regarding universality of the β-function, the reader may be surprised to learn that there is something to show here. In all previous discussions in the literature that the author is aware of, e.g. in the reviews [28, 29, 30] , universality of the β-function is simply stated as a fact, without reference to any previous proof. However, there is no simple a priori reason why this has to be true -it needs to be shown. 5 As will be clear from the considerations in §2, universality of the β-function would imply, if true, the universality result for the fermionic contribution to the vacuum polarisation stated in (1.1)-(1.3). If this were the case there would be no need to explicitly derive this expression whenever a new lattice Dirac operator is discovered, as was done, e.g., in the case of the overlap Dirac operator in Ref. [9] . 6 In fact there is a simple heuristic derivation of the universality result (1.1)-(1.3) (which will be discussed in §3), and a generalisation of this may well have been the unstated basis for the previous claims in the literature on the universality of the βfunction. However, as will be clear from the considerations in this paper, the rigorous proof involves subtleties and is technically non-trivial.
There also seems to be an impression (e.g., in [29] ) that universality of the βfunction (and other renormalisation group functions) is implied by the renormalisability proof of Lattice QCD due to T. Reisz in Ref. [33] . This is not actually the case though, as will be discussed in the concluding discussion ( §6).
The organisation of this paper is as follows. In the next section we discuss the fermionic contributions to the leading term in the weak coupling expansion of the Lattice QCD β-function, and to the lattice/continuum Λ-parameter ratio, showing that these can be determined from the fermionic contribution to the one loop vacuum 5 Note that universality of the β-function -i.e. its independence of the specifics of the lattice regularisation -is a completely separate issue from scheme dependence. It is well-known that the β-function depends on the renormalisation scheme but that the first two terms in its weak coupling expansion are scheme-independent; see, e.g., [13] . 6 Also, there was work in Ref. [31] devoted to showing that the overlap formulation [32] reproduces the continuum renormalisation group functions, although this was before the discovery of the overlap Dirac operator in Ref. [22] .
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polarisation. This provides the motivation for studying the latter in the remainder of the paper. In §3 we exploit lattice Ward Identities to derive a general formula for the fermionic contribution to the one loop vacuum polarisation. It involves a logarithmically divergent lattice Feynman integral from which the universality result (1.1)-(1.3)
is to be subsequently derived. In §4 we develop a general approach to studying logarithmically divergent lattice integrals, and illustrate it in the case of a familiar integral whose explicit evaluation is already known. We then use this approach in §5 to derive the claimed universality result. The derivation also draws on ideas and techniques from T. Reisz's proof of the lattice power-counting theorem in Ref. [34] . Furthermore, a general formula (amenable to numerical evaluation) for the constant c 2 is obtained, which determines the fermionic contribution to the lattice/continuum Λ-ratio. We conclude in §6 with a discussion of the prospects for generalising the techniques and results of this paper to the non-fermionic contributions, so as to obtain a full universality result for the β-function (and other renormalisation group functions). Some technical details of our arguments are dealt with in an appendix.
2 Fermionic contributions to β 0 and Λ-parameter ratio
In this section we assume that the fermionic contribution the the one loop vacuum polarisation has the claimed form (1.1) and show how the constants c 1 and c 2 determine, respectively, the fermionic contributions to the leading term in the weak coupling expansion of the Lattice QCD β-function and the lattice/continuum Λ-ratio.
Using the lattice as the regularisation, working in a momentum subtraction scheme with subtraction mass µ, and defining the renormalised coupling parameter g via the gluon-ghost vertex, the bare coupling g 0 = g 0 (aµ, g) is given by [4] g 0 (aµ, g) = g Zc Ac (aµ, g) Zc c (aµ, g) Z AA (aµ, g) 1/2 (2.1)
where Zc Ac , Zc c , Z AA are the renormalisation factors for the gluon-ghost vertex, 6 kinetic ghost term, and kinetic gluon term, respectively. The latter has the form 7
Note that the effects of the lattice fermions in (2.1) at one loop enter solely through Z f ermion AA in (2.2). 8 The latter is determined from (1.1) to be
The renormalisation factors in (2.1) are actually functions of g 2 , so the relation of g 0 to g is of the form g 0 = g + cg 3 + O(g 5 ). This implies g = g 0 − cg 3 0 + O(g 5 0 ), and thus regarding g as a function of g 0 and aµ it follows that g has the form
For a → 0 the non-fermionic terms here have the structure c ′ log(aµ) + c ′′ where c ′ , c ′′ are constants. 9 By (2.
3) Z f ermion AA also has this structure, except that the c ′′ in this case depends on M/µ through R(M 2 /µ 2 ) in (2.4). However, note from (1.2) that R(M 2 /µ 2 ) has a finite limit for µ → ∞ and that µ d dµ R(M 2 /µ 2 ) vanishes in this limit. Therefore, when considering the β-function for M << µ << 1 a we can 7 Z f ermion AA also depends on aM but we suppress this in the notation. 8 This is an advantage of defining the renormalised coupling parameter through the gluon-ghost vertex as in Ref. [4] rather than the 3-gluon vertex as was done in Ref. [6] . In the latter case one needs to consider not only Z f ermion AA but also the fermionic contribution to the one loop renormalisation factor for the 3-gluon vertex. 9 The non-fermionic terms are evaluated starting from a suitable lattice gluon action and carrying out an appropriate gauge fixing procedure, as done, e.g., in Ref. [4] .
effectively replace v(aM, aµ) → 0 and R(M 2 /µ 2 ) → R(0) in (2.4) and regard C f ermion as constant. Then from (2.5) the β-function in the weak coupling limit is obtained as
where, by (2.3) and (2.6),
with N f denoting the number of fermion flavours. Thus it is precisely for c 1 = 1/12π 2 that the fermionic contribution to β 0 coincides (in the doubler-free N t = 1 case) with
Turning now to the lattice/continuum Λ-parameter ratio, one finds from (2.5) that
The continuum and lattice Λ-parameters arise as the integration constants when solving (2.7) and (2.9) in the weak coupling limit:
From these one readily finds
Comparing this with (2.5) we see that the Λ-ratio coincides with the constant C in
with R(0) = −5/72π 2 from (1.2). Thus, provided that β 0 is universal, the fermionic contribution to the Λ-ratio for given number of fermion flavours is specified by the 10 This is assuming that a ∂ ∂a v(aM, aµ) → 0 for aM, aµ → 0, and that an analogous statement holds for the non-fermionic analogues of v(aM, aµ). A similar assumption on µ ∂ ∂µ v(aM, aµ) was implicitly made in the derivation of (2.8). We justify these assumptions in Appendix B. constant c 2 in (1.1). The Λ-ratio therefore depends on the choice of lattice fermion formulation. E.g., in the case of Wilson fermions, c 2 depends on the Wilson parameter [4] . (The Λ-ratio also depends on the renormalisation scheme. For example, different answers are obtained if one fixes the renormalised coupling via another interaction vertex (e.g. 3-gluon or fermion-gluon), or uses minimal subtraction scheme. Λ-ratios relating the Λ-parameters in these different schemes have been derived in Ref. [35] .)
Fermionic contribution to the vacuum polarisation
In this section we derive a general formula for the fermionic contribution to the one loop vacuum polarisation. It will be used in subsequent sections to prove the claimed universality result (1.1)-(1.3) and to derive a general formula for the constant c 2 .
We consider a general lattice Dirac operator D which is translation-invariant and transforms covariantly under gauge transformations and rotations of the 4-dimensional Euclidean hypercubic lattice. For the link variables we make the ansatz U µ (x) = e agAµ(x+ 1 2 aμ) (3.1) (μ=unit vector in the positive µ-direction), and define the Fourier-transformed field
Here and in the following p (· · ·) ≡ π/a −π/a
. Expanding the link variables in powers of g gives an expansion of the lattice Dirac operator,
Translation-invariance implies that each D n can be expressed in momentum basis in the form D n (k ′ , k) = a n−1 p 1 ,...,pn
The continuum limit requirements on D are
The M-dependence of 1 a d 0 (ak) is assumed to be of the usual form:
withd 0 (ak) independent of M, and for technical convenience we assume that
is trivial in spinor space (as is generally the case for the lattice Dirac operators of interest in practice). We will initially assume that D is free of fermion doubling, i.e. k = 0 is the only solution tod 0 (k) = 0 in the Brillouin zone. However, as we will later discuss, the results extend to cases of "symmetrical" doublers, including naive and staggered fermions. The only further requirement we will need is that the
Let Γ (n) µ 1 ···µn (p 1 , . . . , p n−1 ) denote the truncated gluonic n-point function with one internal fermion loop. Γ (2) µν (p) is then the fermionic contribution to the one loop vacuum polarisation. The lattice Feynman diagrams contributing to Γ (n) for n = 2, 3, 4 are shown in Fig.1 . For constructing the expressions corresponding to these diagrams, the inverse propagator is 1 a d 0 (ak), and the function for the fermion-gluon vertex with incoming gluon momenta (p j , µ j ) , j = 1, . . . , m and incoming and outgoing fermion momenta k and k ′ , respectively, is seen from (3.4) to be a m−1 δ(p 1 + . . .
µν (p) is then the sum of the expressions corresponding to the two n = 2 diagrams in Fig.1 . However, for our purposes it will be useful to exploit a relation between Γ (2) and other Γ (n) 's resulting from lattice Ward Identities, as discussed in the following.
We begin with some general observations. The a → 0 divergence degree of Γ (n) is 4 −n. For n ≤ 4 the divergent parts can be split off by the BPHZ prescription: where T m Γ (n) denotes the order m term in the expansion (m = 0, 1, . . . , 4 − n) and
The latter is therefore convergent and reduces to the corresponding continuum expression for a → 0 by Reisz's lattice powercounting theorem [34] . 11 Regarding the divergent terms, from lattice Ward Identities and rotational symmetry one can establish the following:
(i) T m Γ (n) vanishes for all n, m with 4−n−m > 0.
(ii) For the T m Γ (n) 's with divergence degree 4−n−m = 0 we have n=2,3,4 p 1 +...+pn=0
The function c(aM) in (3.9) is given by
The n = 2 parts of (i), (ii) and (iii) were shown in §5 of Ref. [4] . Subsequently, (i) and
(ii) were shown implicitly in Ref. [33] as part of the proof of renormalisability of Lattice QCD. (iii) is a straightforward consequence of (ii). A detailed, explicit derivation of (i), (ii) and (iii) is given in the forthcoming paper Ref. [36] . The starting point for the argument there is the fact that the Γ (n) 's arise as the terms in the perturbative expansion of the logarithm of the lattice fermion determinant.
By (3.8) and (i),(ii) above, the fermionic contribution to the vacuum polarisation at one loop is
As noted already, the last term reduces in the a → 0 limit to the corresponding continuum expression, which is well-known:
To establish the claimed universality result (1.1)-(1.3) in the N t = 1 case, it now remains to show that
with v(aM) → 0 for aM → 0, since (1.1)-(1.3) then follows from (3.11)-(3.13). In fact there is a simple heuristic argument for why this should hold. Γ (2) µν is infrared finite, but the a → 0 limit of the remainder term R 3 Γ (2) µν (p) in (3.11) diverges for M → 0. From (3.12) this divergence can be extracted as
Infrared finiteness of Γ (2) µν (p) then indicates that the dependence of c(aM) on M must be such as to cancel this divergence, and this implies (3.13) . It must be emphasised that this is not a rigorous argument though, since it involved taking a → 0 in the second term in the right-hand side in (3.11) while keeping a finite (i.e. non-zero) in the first term.
To prepare the ground for a rigorous argument, in the following we derive a general formula for c(aM) (which is of interest and use in its own right, as will be discussed in detail elsewhere). We will then use it in subsequent sections to prove (3.13) and thereby the claimed universality result. In previous calculations for specific lattice fermion formulations, c(aM) was always evaluated starting from the relation c(aM) = −∂ µ ∂ ν Γ (2) µν (0). However, the point of noting (i), (ii) and (iii) above is that they allow us to alternatively evaluate c(aM) from c(aM) = Γ (4) µνµν (0, 0, 0). One advantage of taking this relation as the starting point is that it does not involve momentum derivatives;
other advantages will become apparent as we proceed. From this starting point we get
where the terms on the right-hand side correspond to the n = 4 Feynman diagrams in 
we find, after some manipulations, that for any choice of µ, ν with µ = ν,
Note that the only properties of D that were used to obtain these expressions are the ones needed to get (3.10) and (3.11), i.e. translation invariance and covariance under gauge transformations and lattice rotations. In particular, the doubler-free requirement was not used, so (3.15)-(3.22) also hold for naive and staggered fermions.
Clearly (3.22 ) is logarithmically divergent for aM → 0, while the remaining terms specific lattice fermion formulations. For example, we will use it in Ref. [38] to evaluate c(aM), and thereby the fermionic contribution to the vacuum polarisation and Λratio, for Wilson fermions with clover term. We also intend to use it there to give a new, explicit derivation of these quantities in the case of overlap fermions, in order to check the result for the Λ-ratio that was previously obtained less explicitly using a computer program in Ref. [8] .
We briefly mention a special case of (3.15)-(3.22) from which the previous results for c(aM) in the cases of Wilson and naive/staggered fermions can be reproduced.
Consider the situation where the lattice paths describing D are all straight lines, so that the finite terms (3.18)-(3.21) all vanish as described above. Furthermore, assume that d 0 (k) has the form
(the mass term aM has been included in λ(k)). Then c(aM) is given entirely by (3.22) , and a calculation [38] leads to
(this holds for any choice of µ = ν ; there is no sum over repeated indices). Symmetry under µ ↔ ν was exploited in obtaining this formula. It is readily seen to reproduce the previous expressions of Ref. [4] and Ref. [7] in the cases of Wilson and naive/staggered fermions, respectively. 13 Details will be given in Ref. [38] .
Returning now to the general case, in light of (3.15) and the finiteness of (3.18)- for the constant c 2 in (1.1) (from which the fermionic contribution to the Λ-ratio is obtained as discussed in §2):
The terms c (0,4) (0), c (1,3) (0), c (2,2) (0), and c (1,1,2) (0) can be evaluated, e.g., numerically, from (3.18)-(3.21) once the lattice Dirac operator is specified. We establish (3.27) rigorously and obtain a formula forc 2 in §5 after some general preparations in the next section. Now note that if both f (0) and g(0) ≡ lim m→0 g(m) exist then
Generalities of logarithmically divergent lattice integrals
where
and v(m) = g(0) − g(m) → 0 for m → 0. This follows from a simple calculation:
We will use this approach to study I(m) = c (1,1,1,1) (m) in the next section, in order to prove (3.27) and thereby the claimed universality result. Specifically, we will prove the finiteness of f (0) and g(0) in this case. The general formula for c 2 will be obtained from (4.5) . Moreover, f (0) will be seen to be given by a continuum integral, thus establishing the universality of c 1 . In fact these statements should hold for generic logarithmically divergent lattice Feynman integrals 14 -it will be clear that our arguments are of a general nature and do not rely on the specific form of
Regarding c (1,1,1,1) (m), if we assume that it has the form (4.3) then obviously it suffices just to show f (0) = 1/12π 2 to establish the desired result. However, all we know a priori from (3.22 ) is that c (1,1,1,1) (m) diverges logarithmically for m → 0. This by itself does not imply that c (1,1,1,1) (m) has the form (4.3); e.g., there could be a term ∼ (log m) 1/2 . So in order to establish that it really is of the form (4.3) it is essential to prove the finiteness of g(0) as well. This is a subtle aspect of the universality result that is missed in heuristic considerations.
Before proceeding, it is instructive to see how this general approach to logarithmically divergent lattice Feynman integrals works in the the case of a simple, explicit integral whose evaluation is already known. Consider
withk µ = 2sin(k µ /2) and m = aM. The standard evaluation of this integral (see, e.g., [39] ) uses the representation dt t e −tm 2 /2 J(t) (4.9) 14 Here and throughout the remainder of this paper we are referring to lattice Feynman integrals with a single internal (loop) momentum integration. It is possible that the statements generalise to multi-loop integrals, but we do not consider this.
where J(t) = (e −t I 0 (t)) 4 in terms of the Bessel function
dθ 2π e t cos θ . (4.10)
From the known asymptotic behaviour of the latter we have lim t→0 J(t) = 1 and
(4.11)
Splitting the integral in (4.9) into 1 0 dt (· · ·) + ∞ 1 dt (· · ·), and noting that
. is the Euler constant), one finds that I(m) has the form (4.3) with (the numerical value for c 2 is quoted from [39] ). To see how this is reproduced in our approach, consider the m → 0 limits of f (m) and g(m) in this case:
where we have used (4.11) . Furthermore,
and it follows, again using (4.11), that
where O(m t ) is ∼m t form t → 0 and remains finite in the limitm t → ∞ . The integrand in 1 m dm (· · ·) therefore remains finite in them → 0 limit, so g(0) ≡ lim m→0 g(m) is finite. Our general observations above now imply that I(m) is of the form (4.3) with c 1 given by (4.16) , in agreement with (4.13), and, by (4.5),
Straightforward calculations show that this reproduces the the expression in (4.14) and that v(m) = g(0) − g(m) reproduces (4.15) (we omit the details).
In the present case,
.
(4.20)
Using this, the value of c 2 could be numerically evaluated from (4.19) as an alternative to the numerical evaluation based on (4.14) above (which was used in [39] ). Note that this would involve evaluating a 4-dimensional definite integral instead of the 1-dimensional indefinite integral J(t) in (4.14). We will not attempt to determine whether or not (4.19) provides a computationally more efficient way to evaluate c 2 that the previous one; our purpose is simply to illustrate how the general formula (4.5) leads to an expression amenable to numerical evaluation.
In the example above, the finiteness of the m → 0 limits of f (m) and g(m)
originates from the asymptotic behaviour (4.11) of the Bessel function (4.10). The possibility to express the integral I(m) in such a way as to be able to exploit the properties of the Bessel function relied on the specific form of this integral though.
In the next section we will take a more general approach and establish the finiteness of f (0) and g(0) by a generally applicable argument, exploiting ideas and techniques from T. Reisz's proof of the lattice power-counting theorem [34] .
Derivation of the universality result
By the results of §3 and observations of §4, the proof of the claimed universality result The result for f (0) in this case is straightforwardly obtained as follows. Recalling that the m-dependence of d 0 (k) enters as d 0 (k) =d 0 (k) + m, it follows from (3.22) that d dm c (1,1,1,1) 
From this we obtain
where a change of variables k → mk has been made. This integral has m → 0 divergence degree −1 ; hence, by Reisz's lattice power-counting theorem [34] , its m → 0 limit exists and is given by the corresponding continuum integral:
where the last equality is the result of a straightforward evaluation.
The general nature of this result is clear: If I(m) is a logarithmically divergent lattice Feynman integral then f (m) = m dI dm will generally have m → 0 divergence degree −1 ; hence its m → 0 will exist and be universal (in the doubler-free case) since it is given by a convergent continuum integral.
The remaining step, namely to show that g(0) ≡ lim m→0 g(m) exists, is technically more involved. For this we need further information on f (m) for m → 0 besides the fact that the limit exists. Specifically, we need information on how quickly f (m) approaches its limit. We will show in the following that there exist constants m 0 > 0 20 and C > 0 such that 15
Consequently, the integral
remains finite for m → 0, and it follows from Lebesgue's "theorem of dominated convergence" that g(m), as defined in (4.2), has finite m → 0 limit.
In preparation for the proof of (5.4) we use d 0 (k)
and ξ(k, m) = 1 md 0 (mk) † + 1 1 md 0 (mk) + 1 (5.8) By the smoothness and continuum limit requirements on D stated in §3, ξ(k, m) is smooth and has the limit k 2 + 1 for m → 0. Using this, together with the assumption that D is doubler-free, ξ(k, m) is seen to have the following property (cf. Ref. [34] ):
There exists sufficiently small m 1 > 0 and ǫ > 0 (which we take to be ≤ 1), and sufficiently large α > 0 and γ > 0, such that
for m ≤ m 1 and k ∈ B 4 ( π m ǫ) (5.9) 1 ξ(k, m) ≤ γ m 2 for m ≤ m 1 and k ∈ [− π m , π m ] 4 − B 4 ( π m ǫ) (5.10) 15 Bounds of this type must surely have been known to Reisz and other experts on lattice Feynman integrals. Indeed, the derivation of (5.4) given in the following is largely inspired by ideas and techniques developed by Reisz in the proof of his lattice power-counting theorem [34] . However, to my knowledge, no previous derivation of a bound of this type has been given in the literature.
where B 4 (r) denotes the momentum space 4-ball |k| ≤ r . The property (5.9)-(5.10)
is intuitively reasonable; a proof is given in Appendix A.
Regarding V (k, m), the continuum limit requirements (3.5)-(3.6) imply that its m → 0 limit exists and is a polynomial in k :
12)
A technical property that we will use is the following:
where I is a finite set and each Q i (k) is a polynomial in k whose terms are all of degree ≤ 6 . This is a special case of Theorem 3 of Ref. [34] . We make do here with illustrating the idea behind its proof through the following derivation of a simplified version of the statement. Consider a smooth function
with n being a non-negative integer, and with p(t) = lim m→0 v(t, m) existing and being ∼ t n . Then obviously the terms of order < n in the Taylor expansion of F (mt) all vanish, and the order n term is p(mt) = m n p(t). Hence F (mt) can be expressed as
where G is a smooth function (in particular it is non-singular at zero). Setting b = max{|G(x)|} |x|≤π it follows that
This is a simplified version of (5.13) with Q(t) = b t n+1 . The derivation of (5.13) itself is based on a straightforward generalisation of this argument, via Taylor expansion of V (k, m) in k. (The polynomials Q i (k) in (5.13) are of degree ≤ 6 because P (k) is of degree 5.) 16 The implication of (5.13) that we will exploit in the following is that there exist positive constants c ′ and c ′′ such that
Moreover, we note from (5.7) that, once an m 2 > 0 is specified, there exists a constant b > 0 such that 15) and, from (5.12) , that there exist positive constants b ′ and b ′′ such that
With these preparations in place we now proceed to the derivation of (5.4). The first step is to rewrite
Considering the first of the hereby-defined integrals I 1 (m), I 2 (m), I 3 (m) we have
Using (5.9) we then obtain, for m ≤ m 1 ,
For the first of these, (5.14) implies
Clearly this vanishes ∼ m log m for m → 0 and we infer that |I 11 (m)| has a bound of the form (5.4 ). An essentially analogous argument starting from (5.20) leads to the same conclusion for |I 12 (m)| (we omit the details).
Turning now to the second integral in (5.17), using (5.10) and (5.15) we find that for m ≤ min{m 1 , m 2 },
which vanishes ∼ m for m → 0.
Finally, for the third integral in (5.17) we find, using (5.16) , .7); this can also be seen by an argument analogous to the one above, taking account of the fact that the expansion of sin(k µ /2) only contains odd powers of k µ .)
A formula for the constantc 2 in (3.27) is now obtained from (4.5):
with c (1,1,1,1) (1) and d dm c (1,1,1,1) (m) given by the definite 4-dimensional integrals (3.22) and (5.1), respectively. Substituting this into (3.28) gives the promised general formula for c 2 .
Finally, we comment on the doubler case N t = 1. Recall that the expression Then, provided k = 0 is the only solution tod 0 (k) = 0 for k ∈ [−π/2 , π/2] (i.e. N t is precisely 16), all our arguments carry over in an obvious way to establish the same results for π/2 −π/2 d 4 k (· · ·) as established already for π −π d 4 k (· · ·) in the doublerfree case. In light of the overall factor 16 (= N t ) in (5.25) , we thus find that the universality result (1.1)-(1.3) holds in this situation. The main example is naive fermions: these haved 0 (k) = i µ γ µ sin(k µ ), and, as discussed in §2, c(aM) is given entirely by c (1,1,1,1) (aM) in this case. The integrand of the integral expression (3.22) for the latter is easily seen to be invariant under k µ → k µ +π ; hence the preceding considerations and conclusion apply. Having seen that the universality result holds for naive fermions, it then immediately follows for staggered fermions, since the former can be decomposed into 4 copies of the latter [24] .
Concluding discussion
The β-function in Lattice QCD is expected to be universal, and its weak coupling expansion is expected to coincide with the one derived by continuum methods. However, this has yet to be verified analytically. It is important to establish this, since, first of all, the property β 0 < 0 is the basis not only of asymptotic freedom but also the possibility of taking a quantum continuum limit in Lattice QCD at g 0 → 0, and secondly, the coefficients of the weak coupling expansion determine the approach to the continuum limit via the relation (1.4) . In this paper we have made a first step in this direction by deriving a universality result for the fermionic contribution to β 0 in Lattice QCD. It followed from our main result, the universality formula (1.1)-(1.3) for the fermionic contribution to the one loop vacuum polarisation. Although this had previously been established by explicit calculations for the basic lattice fermion formulations (Wilson, naive/staggered, overlap), there is currently much interest in more complicated, improved versions of these formulations, as well as other "chirally improved" lattice fermion formulations. These cases are now all covered by our universality result.
The vacuum polarisation retains a dependence on the choice of lattice fermion formulation through the constant c 2 in (1.1). We derived a general formula for the latter (see (5.24) and (3.28)) which can be evaluated, e.g., numerically, once the lattice fermion formulation is specified. This constant determines the fermionic contribution to the lattice/continuum Λ-parameter ratio as discussed in §2. The formula is currently being used to evaluate the Λ-ratio for Wilson fermions with clover term, and for overlap fermions (in order to check the result of Ref. [8] that was obtained less explicitly using a computer program) [38] . In future work it will also be used to evaluate the Λ-ratio for the case of Asqtad action currently used in dynamical staggered fermion simulations [15] . When combined with the knowledge of Λ lat (which can be determined from (1.4), given that lattice spacings corresponding to various small values of g 0 are already known) it will allow a determination of the continuum Λ-parameter for QCD with 3 dynamical quark flavours.
Regarding the possibility of extending the fermionic universality result here to correlation functions with gluon and ghost loops, so as to get a full universality result for β 0 , the difficulty is the following: When extracting the divergent terms in the relevant one loop n-point functions via Taylor-expansion in the external momenta, infrared divergences arise. These need to be regularised in a way which maintains gauge invariance (i.e. the Ward Identities). In the case of fermion loops we can always regularise via a mass term. But this is not allowed for the gluon and ghost loops.
When the standard lattice gauge-fixed gluon-ghost action is used it is possible to regulate the infrared divergences via dimensional regularisation [4] . But the possibility to do this relies on the fact that the Feynman integrals in this case can be reduced to one-dimensional integrals (just like the integral (4.7) that we considered in §4). For deriving a universality result with general lattice gluon-ghost action we cannot make such an assumption though, so another way to regularise the infrared divergences must be found. An alternative infrared regularisation is currently under development and will hopefully allow to derive a full universality result for β 0 . The final step in this program will then be to establish universality of the Lattice QCD β-function and other renormalisation functions to all orders in the weak coupling expansion.
Finally, we elaborate on the comment in the Introduction that the renormalisability proof for Lattice QCD [33] where c(aµ) diverges logarithmically for a → 0 and "finite terms" refers to the higher order terms in g; these remain finite for a → 0 [33] . Since any choice of classical lattice gluonic action also has the form d 4 x tr F µν (x)F µν (x) + O(a) it follows that the divergence in (6.1) can be removed by a counterterm proportional to the classical gluonic action, or equivalently by a renormalisation of the gluon fields. Note, however, that no further information on c(aµ) is present, or needed, here besides the fact that it diverges logarithmically for a → 0 (which ensures that the product of c(aµ) with O(a) terms vanishes in this limit). But to determine β 0 we would indeed need more information on c(aµ); namely, we would need to know firstly that it has the form c 1 log(aµ) + c 2 and secondly the actual value of c 1 . We repeat: this information is neither needed nor extracted in the renormalisability proof. Now note that the fermionic contribution to c(aµ) in (6.1) is precisely the function c(aM) in (3.9) at M = µ . So the renormalisability proof of Lattice QCD contains no specific information on this function besides the fact that it diverges logarithmically for a → 0.
The analogue of (5.13) Recalling the doubler-free requirement that k = 0 is the only solution tod 0 (k) = 0 for k ∈ [−π, π] 4 , it follows from the continuity of (d 0 (mk) + m) † (d 0 (mk) + m) in k and m that 1 γ > 0, i.e. γ exists, when m 1 and ǫ are taken to be sufficiently small in (A.6).
B Justification of technical assumptions on v(aM, aµ)
In the derivation of (2.8) for β 0 in §1 it was implicitly assumed that µ ∂ ∂µ v(aM, aµ) → 0 for aM, aµ → 0 . Moreover, the derivation of the expression (2.9) for a ∂g 0 ∂a assumes 29 that a ∂ ∂a v(aM, aµ) also vanishes in this limit, and that a ∂ ∂a w(aµ) aµ→0 −→ 0 for certain non-fermionic analogues w(aµ) of v(aM, aµ). We justify these assumptions in the following.
The Since m dF dm is a continuous function of m > 0, and since m 0 can be taken to be arbitrarily small in (B.4), it follows that m dF dm vanishes for m → 0. This completes the argument for the vanishing of m d dm v(m, aµ) for m → 0. Analogous arguments lead toμ d dμ v(m,μ) → 0 forμ → 0 (μ = aµ), and we hereby conclude that a ∂ ∂a v(aM, aµ) 30 and µ ∂ ∂µ v(aM, aµ) vanish for aM, aµ → 0 as claimed. The considerations on F (m) above also cover the case of the non-fermionic analogues w(aµ) of v(aM, aµ), and lead to µ ∂ ∂µ w(aµ) → 0 and a ∂ ∂a w(aµ) → 0 for aµ → 0. For concreteness we are assuming here that the gauge-fixed gluon and ghost terms in the lattice action are the standard ones discussed in Ref. [4] ; then the w(aµ)'s can be explicitly determined from the lattice Feynman integrals discussed there. Note that there is no non-fermionic analogue of the termṽ(aM) in (B.1). Indeed, this term is also absent in the fermionic case when the fermions are massless. We still introduce non-zero M as an infrared regulator when extracting the divergent part of Γ (2) µν (p) in this case, but it can later be safely set to zero in the vacuum polarisation expression (1.1). When this is done, the expression (B.1) above reduces to v(aµ) = v 2 (0, aµ), soṽ(aM) and v 1 (aM) are absent in the considerations of §1 on the β-function and Λ-ratio in this case. The infrared regularisation for the non-fermionic terms in Ref. [4] is done by dimensional regularisation, and the situation regarding the w(aµ)'s is the same as for v(aµ) in the case of massless fermions.
